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Abstract
We compute the one-loop β-functions for renormalisable quantum gravity coupled
to scalars using the co-ordinate space approach and generalised Schwinger De Witt
technique. We resolve apparent contradictions with the corresponding momentum
space calculations, and indicate how our results also resolve similar inconsistencies
in the fermion case.
1 Introduction
Higher-derivative quantum gravity has attracted attention over the years as a renormalis-
able alternative to Einstein gravity; hence the alternative name of renormalisable quantum
gravity. It is characterised by the addition to the action of terms quadratic in the Riemann
curvature tensor. Perturbative calculations are involved and technically challenging, and
even in the pure gravity case it took considerable effort to obtain the correct one-loop β-
functions. The first computation in Ref. [1] was corrected in Ref. [2]; but the final correct
result was obtained in Refs. [3], [4] using the generalised Schwinger-De Witt technique
presented in Ref. [5]. A comprehensive overview of the calculation may be found in Ref. [6]
where some typos present in the Riemann tensor expansions in Ref. [3] are corrected. The
case of higher-derivative quantum gravity coupled to scalars and fermions was considered
in Ref. [7], and results were presented for the one-loop β functions. In recent years, the sub-
ject of higher-derivative quantum gravity coupled to matter has attracted renewed interest
in the context of “Agravity” [8], where the Planck scale arises dynamically at quantum
level. Independently in Ref. [9] the possibility of dimensional transmutation within higher-
derivative quantum gravity leading to an effective Einstein-Hilbert theory was raised and
further explored in Refs. [10]- [14]. In Ref. [8] the gravitational β-functions were rederived
using momentum space techniques. It was pointed out in Ref. [11] that these β-functions
disagreed significantly with those derived in Ref. [7], and simple arguments were presented
to show that the results in Ref. [7] could not be correct. This is clearly an unsatisfac-
tory state of affairs. Co-ordinate space methods have the advantage for calculations in
gravity and curved spacetime of being manifestly generally co-ordinate invariant; and the
generalised Schwinger-De Witt technique in particular is a powerful and elegant technique
for computations in higher-derivative theories. It would be comforting to be assured that
there are no issues of principle involved and that the technique will reliably reproduce
momentum space results; both for future calculations and in existing cases where there
are no momentum space results for comparison. Accordingly we have carefully reproduced
the one-loop β-function computations of Refs. [7] for the case of higher-derivative gravity
coupled to scalars, and, for completeness, the pure gravity case considered in Ref. [6]. We
agree precisely with the results of Ref. [6] though, as mentioned, some of the intermediate
equations contain typos. The calculations of Ref. [7] are mostly correct after once again al-
lowing for some typos; however, we have identified some discrepancies after a close scrutiny
of the application of the Schwinger-De Witt technique, which conceals some subtleties in
the compact notation of Ref. [5]. We present our version of the calculation here. It seems
appropriate to provide plenty of detail, both in order to give definitive versions of all the
results and in order to carefully explain the origin of the new terms we have identified;
though where possible we have relegated the details to Appendices.
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2 Outline of calculation and results
We work with a Lorentz signature (+−−−) and a Riemann tensor defined by
Rµναβ = ∂αΓ
µ
νβ − . . . (2.1)
so that
[∇α,∇β]vµ = Rµναβvν . (2.2)
The classical action is given by
S =
∫
dvx
{ 1
2µ
CµνρσCµνρσ − ω
3µ
R2 + 1
2
gµν∂µφ∂νφ+
1
2
ξRφ2 − 1
24
λφ4
}
, (2.3)
where dvx = d
4x
√−g and the Weyl tensor Cµνρσ is defined by
Cµνρσ = Rµνρσ +
1
2
(Rµσgνρ − Rµρgνσ +Rνρgµσ − Rνσgµρ) + 16R(gµρgνσ − gµσgνρ), (2.4)
so that
CµνρσCµνρσ = R
µνρσRµνρσ − 2RµνRµν + 1
3
R2 = 2
(
RµνRµν − 1
3
R2
)
, (2.5)
where we have imposed the Gauss-Bonnet identity RµνρσRµνρσ−4RµνRµν+R2 = 0 in d = 4.
The gravitational terms in Eq. (2.3) may then be rewritten as 1
µ
[
RµνRµν − 13(1 + ω)R2
]
.
We now expand around a classical background metric and scalar field according to
gµν → gqµν = gµν + hµν , φ→ φq = φ− iσ˜, (2.6)
(using for convenience the same decomposition as in Ref. [7]) and define
h∗ = hαα, h¯µν =
1√
2µ
(hµν − 14gµνh∗), h =
√
− β
2µ
h∗, (2.7)
where h¯µν is tracefree. The effective action is given by
Z[gµν , φ] =(detG
µν)−
1
2
∫
Dh¯µνDhDC¯αDC
β exp
{
i
[
S(gq, φq)− δS
δgµν
hµν
− δS
δφ
(−iσ˜) + 1
2
χµG
µνχν + C¯αM
α
βC
β
]}
, (2.8)
where S is defined in Eq. (2.3) and where
Mαβ = G
αµ δχµ
δgρσ
Rρσ,β (2.9)
with
Rρσ,β = gρβ∇σ + gσβ∇ρ (2.10)
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and where we take the gauge χµ and the weight functional to be given by
χµ =∇αhαµ − (β + 14)∇µ(hαβgαβ), (2.11a)
Gµν =
1
α
(−gµν− γ∇µ∇ν +∇ν∇µ + Pµν). (2.11b)
We also take the gauge parameters α, β and γ to be given by
α = 1, β =
3ω
4(1 + ω)
, γ =
2
3
(1 + ω), (2.12)
which ensures a minimal form for the four-derivative terms in the expansion; and we take
Pµν = 0.
The quadratic terms in the exponent in Eq. (2.8) now take the form
1
2
i
∫
dvx
(
h¯ρσ h σ˜
) Hˆ

h¯µνh
σ˜

 , (2.13)
where the matrix operator Hˆ is given by
Hˆ =
(
1ˆ2 + Vˆ + Uˆ qˆ1 + qˆ2 + qˆ3
pˆ1 + pˆ2 + pˆ3 + Dˆ
)
, (2.14)
where
Vˆ = Vˆ αβ∇α∇β (2.15)
and
pˆ1 =
1
2
(pˆαβ1 ∇α∇β +
←−∇α←−∇β qˆTαβ1 ), (2.16a)
qˆ1 =
1
2
(qˆαβ1 ∇α∇β +
←−∇α←−∇β pˆTαβ1 ), (2.16b)
pˆ2 =
1
2
(pˆα2∇α +
←−∇αqˆTα2 ), (2.16c)
qˆ2 =
1
2
(qˆα2∇α +
←−∇αpˆTα2 ). (2.16d)
Here we see the first major difference between our calculation and that of Ref. [7]. We
believe that the form of Eq. (2.16) encodes the requisite symmetry properties of the matrix
operator Hˆ, for arbitrary pˆ1, qˆ1, pˆ2, qˆ2; though the quadratic expansion naturally (i.e.
without any integration by parts) results in
qˆ
αβ
1 = pˆ
α
2 = 0. (2.17)
We denote the “natural” (in the above sense) forms of the other quantities in Eq. (2.16),
together with pˆ3, qˆ3, by
pˆ
αβ
1 = Pˆαβ1 , qˆα2 = Qˆα2 , pˆ3 = Pˆ3, qˆ3 = Qˆ3. (2.18)
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Explicit expressions for Pˆαβ1 , Qˆα2 , etc, will be given later, in Appendix A.
In Ref. [7], on the other hand, the quadratic expansion is rewritten using integration
by parts to obtain pˆαβ1 , qˆ
αβ
1 , pˆ
α
2 , qˆ
α
2 , satisfying
pˆ
αβ
1 =qˆ
Tαβ
1 = Pˆ
αβ
1 , (2.19a)
qˆα2 =− pˆTα2 = Qˆα2 , (2.19b)
and the corresponding forms of pˆ3, qˆ3 are similarly denoted
pˆ3 = Pˆ3, qˆ3 = Qˆ3. (2.20)
Again, the explicit expressions for Pˆ αβ1 , Qˆ
α
2 etc are postponed to Appendix A.
However, the terms with left-acting and right-acting derivatives are then (mistakenly,
we believe), conflated in Ref. [7], so that, for instance, pˆ1 =
1
2
(Pˆ αβ1 ∇α∇β +
←−∇α←−∇βPˆ αβ1 ) as
follows from Eqs. (2.16a), (2.19a) is replaced by pˆ1 = Pˆ
αβ
1 ∇α∇β. On the other hand, we
believe that the symmetrisation in Eq. (2.19) is an unnecessary complication, and we show
in the appendices that the correct answer is obtained either if Eq. (2.19) is imposed or in
the simpler case (Eqs. (2.17), (2.18) where it isn’t; provided that the left-acting derivatives
in Eq. (2.16) are retained. Note that the quantities appearing on the diagonal in Eq. (2.14),
namely Uˆ , Vˆ and Dˆ, are unaffected by this process of integrating by parts and have the
same form whichever choice is made. We also emphasise the slight change of notation
relative to Ref. [7], in that we have used lower-case letters to denote general quantities
such as pˆαβ1 , qˆ
αβ
1 , reserving upper-case letters Pˆ
αβ
1 , Qˆ
αβ
1 to denote the particular forms
assigned to these quantities in Ref. [7], and using Pˆαβ1 , Qˆαβ1 to denote the corresponding
forms of these quantities in our simpler version of the calculation. Our corrected version of
the computation in Ref. [7] will be described in more detail in Appendices A and B, while
our simpler version is contained in Appendices A and C.
The effective action corresponding to Eq. (2.8) is now given up to one loop by
iΓ = iS +
1
2
Tr ln Hˆ − Tr lnMαβ − 12 Tr lnGµν , (2.21)
with S as in Eq. (2.3) and where the functional trace Tr is defined by
TrA =
∫
dvxA(x, y)|y=x. (2.22)
We now rewrite Tr ln Hˆ in the convenient form
Tr ln Hˆ = Tr ln
(
1ˆ2 0
0 
)
+ Tr ln
[(
1ˆ 0
0 
)
+
(
V + U q1 + q2 + q3
p1 + p2 + p3 D
)]
, (2.23)
where
1ˆ =
(
δµν,ρσ − 1
4
gµνgρσ 0
0 1
)
, (2.24a)
4
δµν,ρσ =1
2
(gµρgνσ + gµσgνρ), (2.24b)
and
V = Vˆ
1ˆ
2
, U =Uˆ
1ˆ
2
, D = Dˆ
1

p1 = pˆ1
1ˆ
2
, p2 =pˆ2
1ˆ
2
, p3 = pˆ3
1ˆ
2
,
q1 = qˆ1
1

, q2 =qˆ2
1

, q3 = qˆ3
1

. (2.25)
Note the appearance of 1ˆ
2
in Eq. (2.25); this is a shorthand notation for the inverse of the
operator 21ˆ. We can now rewrite the second term in Eq. (2.23) in the form
Tr ln Hˆ =Tr ln(+ Dˆ)
+ Tr ln(−p1q1 − p1q2 − p2q1 − p2q2
− p1q3 − p3q1 + V q1p1 + q1Dp1
− 1
2
q1p1q1p1 + U + V +D − 12V 2 − 12D2) + . . . (2.26)
The strategy now is to commute the operator 1

through the other quantities until all the
Green functions are at the right-hand side, using
1

X = X
1

+
1

[X,]
1

. (2.27)
Derivatives will then act either on functions of x such as pˆ3, qˆ3, Vˆ
αβ , Uˆ or Dˆ in Eq. (2.14), or
pˆ
αβ
1 , qˆ
αβ
1 , pˆ
α
2 , qˆ
α
2 in Eq. (2.16); or on products of
1

. The latter are the “universal functional
traces” of Ref. [5], where they are listed and their divergences given (using dimensional
regularisation with dimension d = 4 − ǫ). Eq. (A.6c) may then be used to extract the
divergences. The details are given in the appendices. Here we just remark that another
major source of disagreement with Ref. [7] is that when X is a quantity such as pˆαβ1 ∇α∇β,
it is important to include terms resulting from commuting  with the derivatives ∇α,β.
Furthermore, in doing this it is important to recall the tensor nature of 1ˆ
2
, so that
[∇α,∇β]1ˆ = Rαβ 1ˆ, (2.28)
whereRαβ is defined in Eq. (A.8). We must also include the terms involvingR in Eq. (A.6c)
where appropriate; these were overlooked in Ref. [7] .
In Appendix A we give expressions for the quantities in Eqs. (2.14) together with results
forthe divergent contributions from individual terms in the expansion Eq. (2.26). We also
list the relevant results for divergent parts of the universal functional traces. However,
the terms in the expansion Eq. (2.26) which depend on whether the choice Eq. (2.17) or
Eq. (2.19) is made are considered separately in Appendices B, C respectively. The sums of
the divergent terms, of course, are independent of the choice made. Hence, adding either
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Eqs. (A.10a)-(A.10f) and Eqs. (B.4a)-(B.4d), or Eqs. (A.10a)-(A.10f) and Eqs. (C.2a)-
(C.2d), we obtain the one-loop divergences, in the form
(
1
2
Tr ln Hˆ
)
div
=i
∫
dvx
[
1
2
ζφg
µν∂µφ∂νφ+
1
2
ζξRφ
2 − 1
24
ζλφ
4 + . . .
]
, (2.29)
where we omit the purely curvature-dependent divergences, and where
ζφ =
µ
16π2ǫ
{
−3ξ
(
1 +
1
4β
)
+
9
4
− 1
16β
}
, (2.30a)
ζξ =
1
16π2ǫ
[
− (ξ − 1
6
)
λ+ µξ
{
ξ2
(
−3 + 9
4β
)
+ ξ
(
1
2
+ ω − 15
8β
− 9ω
16β2
)
+
(
7
4
− 7
2
ω +
1
16β
+
3ω
32β2
)}]
, (2.30b)
ζλ =ζλ1λ+ ζλ2,
ζλ1 =
1
16π2ǫ
[
−3λ+ µ
{
ξ2
(
−18 + 27
2β
)
− 6ξ
β
+
(
9 +
1
4β
)}]
, (2.30c)
ζλ2 =
µ2
16π2ǫ
6ξ2
{
ξ2
(
−9
2
+
27
4β
− 81
32β2
)
+ ξ
(
3
2
− 9
4β
+
27
32β2
)
+
(
−21
8
+
3
16β
− 9
128β2
)}
(2.30d)
The corresponding results for individual ζφ, ζλ and ζξ are not given in Ref. [7]; but it is
worth pointing out here that one significant difference between our results and those of
Ref. [7] is that their result for ζφ, in contrast to ours, would contain terms proportional to
ξ2. After making the replacements
φ→ Z
1
2
φ φ, ξ → ξB, λ→ λB, (2.31)
we find that finiteness at this order may be ensured by taking
Z
(1)
φ =− ζφ,
ξ
(1)
B =ζφξ − ζξ =
1
16π2ǫ
[(
ξ − 1
6
)
λ+ µξ
{
ξ2
(
3− 9
4β
)
+ ξ
(
−7
2
− ω + 9
8β
+
9ω
16β2
)
+
(
1
2
+
7
2
ω − 1
8β
− 3ω
32β2
)}]
, (2.32)
λ
(1)
B =2ζφλ− ζλ =
1
16π2ǫ
[
3λ2
+ µλ
{
ξ2
(
18− 27
2β
)
+ ξ
(
−6 + 9
2β
)
−
(
9
2
+
3
8β
)}
(2.33)
+ 6µ2ξ2
{
ξ2
(
9
2
− 27
4β
+
81
32β2
)
+ ξ
(
−3
2
+
9
4β
− 27
32β2
)
6
+(
21
8
− 3
16β
+
9
128β2
)}]
. (2.34)
We emphasise for later reference that the extra ξ2 terms included in ζφ in Ref. [7] will
induce extra ξ2 terms in Z
(1)
φ , and also in ξ
(1)
B and λ
(1)
B . Of course this would have effects
on their results for the β-functions for ξ and λ. The one-loop β-functions are then given
as usual by
β
(1)
ξ = ǫξ
(1)
B , (2.35)
etc. After substituting for the gauge parameter β from Eq. (2.12), we obtain
16π2βλ =3λ
2 − µλ
{
18
ω
(
ξ − 1
6
)2
+ 5
}
(2.36a)
+ 6µ2ξ2
{
9
2ω2
(
ξ − 1
6
)2
+
5
2
}
,
16π2βξ =
(
ξ − 1
6
)
λ+ µξ
{
10
3
ω − 1
ω
(
ξ − 1
6
)
(3ξ − 2)
}
, (2.36b)
These results now agree with the momentum-space calculations of Ref. [8] used in Ref. [11].
To facilitate comparison, the relation between our parameters and those used in Refs. [8],
[11] is as follows:
µ = −f 22 = −a, ω =
f 22
2f 20
= −a
b
, (2.37)
while our ξ has the opposite sign to that in Refs. [8], [11].
The β-function for a Yukawa coupling in renormalisable gravity was presented in Ref. [8]
with the comment that no earlier result could be found in the literature. In fact the position
space calculation of this β-function was performed in Ref. [7], for the case of theories
with three-dimensional multiplets of scalar and fermion fields. It is simple to adapt their
discussion to a case more akin to that considered in Ref. [8], where we add to Eq. (2.3) the
action for a single Weyl fermion
SF =
∫
dvx[iψγ
µ∂µψ − (yφψψ + h.c.)]. (2.38)
The theory is regularised by Eq. (2.31) together with
y → yB, ψ → Z
1
2
ψ ψ, (2.39)
and the one-loop β-function is given as usual by
β(1)y = ǫy
(1)
B . (2.40)
The results analogous to y
(1)
B , Z
(1)
ψ are not given separately in Ref. [7]. However, the final
result quoted for the one-loop Yukawa β-function clearly differs from the corresponding
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result in Ref. [8] in having two terms proportional to ξ2. In fact, a closer scrutiny reveals
that these terms precisely correspond to the ξ2-dependent terms erroneously included in
the result of Ref. [7] for Z
(1)
φ , as remarked earlier. Upon removing these terms, the result
of Ref. [7] when adapted to the fermion action in Eq. (2.38) becomes
16π2β(1)y =
9
2
y3 − 15
8
µy (2.41)
and the results of Refs. [8] and [7] then agree precisely. We have not repeated the remain-
der of the position space computation by calculating Z
(1)
y , Z
(1)
ψ independently, but this
agreement is strong evidence in favour of its accuracy.
3 Conclusions
We have resolved the disagreements between the position space and momentum space
calculations of the one-loop β-functions for renormalisable (i.e. higher derivative) gravity
coupled to scalar and fermion fields. The balance of probability was always in favour
of the momentum space result presented in Ref. [8], since it had been computed in two
independent ways (albeit within the same paper) and since it could be argued [11] that the
result of Ref. [7] could not be correct. Nevertheless in the face of two competing results it is
reassuring to have a completely independent confirmation of one of them. Furthermore, it
is also comforting to know that there are no ineradicable issues of principle in the position
space computation, in view of its elegance and its manifest covariance. It is worth pointing
out that the position space calculation can be carried out by hand at this loop level,
whereas computer packages were enlisted in the momentum space case.
An interesting feature of the β-functions for the couplings λ and ξ is the considerable
simplification that takes place when ξ takes the classically conformal value ξ = 1
6
. This
is by no means guaranteed a priori even in the case of a curved background, still less in
the case of quantum gravity. It would be interesting to investigate whether such behaviour
persists to higher orders; or in other dimensions such as d = 6 where the corresponding
conformal value is ξ = 1
5
. Much of the position space calculation for d = 6 could easily be
adapted from the current calculation for d = 4.
We have used the same choice of gauge as in Ref. [7], namely taking the values listed in
Eq. (2.12) in Eq. (2.11), and taking a minimal choice Pµν = 0. These choices for α, β, γ
are required by the generalised Schwinger-De Witt technique, by guaranteeing a minimal
form for the four-derivative operator in Eq. (2.14). However, in the pure gravity case, the
independence at least of the choice of Pµν was demonstrated in Ref. [6]. It is less clear
how to proceed to show this independence in the current case with couplings to scalar
and fermion fields. It will be important to resolve this issue before tackling the d = 6
calculation, where it is not a priori clear what is the minimal gauge choice.
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A Details of the calculation
The terms in Eqs. (2.14) which are independent of the choice Eq. (2.17), (2.18), or
Eq. (2.19), are given by
Dˆ =
(
0 0
0 −ξR + 1
2
φ2λ
)
, (A.1)
and
Vˆ αβ =
(
Vˆ
αβ
h¯h¯
Vˆ
αβ
h¯h
Vˆ
αβ
hh¯
Vˆ
αβ
hh
)
, Uˆ =
(
Uˆh¯h¯ Uˆh¯h
Uhathh¯ Uˆhh
)
, (A.2)
where
Vˆ
αβ,µν,ρσ
h¯h¯
=4gαβRµρνσ + 2δµν,ρσ(Rαβ − 1
3
(1 + ω)Rgαβ)
− 4gµρ(Rν(αgβ)σ +Rσ(αgβ)ν)
+ 4
3
(1 + ω)(Rρσδµν,αβ +Rµνδρσ,αβ +Rgµρδαβ,νσ)
+ µξφ2
(
1
2
gαβδµν,ρσ − gµρδαβ,νσ) , (A.3a)
Vˆ
αβ,ρσ
h¯h
=
1√−β (−ωR
ρσgαβ + 1
4
µξφ2δρσ,αβ), (A.3b)
Vˆ
αβ,µν
hh¯
=
1√−β (−ωR
µνgαβ + 1
4
µξφ2δµν,αβ), (A.3c)
Vˆ
αβ
hh =
1
4
gαβ
(
ω
β
R + 3
4
µξφ2
)
, (A.3d)
Uh¯h¯ =2µ
(
−1
4
δµν,ρσ∇αφ∇αφ+ gµρ∇νφ∇σφ
− 1
4
ξRφ2δµν,ρσ + ξRµσgνρφ2
+ 1
4
ξ(Rµρνσ −Rµσgνρ)φ2
+ 1
48
δµν,ρσλφ4
)
+ . . . , (A.3e)
Uhh =2µ
(
1
192β
λφ4 − 1
8β
ξRφ2
)
+ . . . (A.3f)
The ellipses in Eqs. (A.3e), (A.3f) denote φ-independent terms which play no roˆle in our
current calculation. We draw the reader’s attention to the terms on the 3rd line of our
expression for Uh¯h¯ in Eq. (A.3e), which are not present in the corresponding expression in
Eq. (9.7) of Ref. [7]. They arise since the expansion of R in (8.82) of Ref. [7] produces a
term −1
2
hµν∇λ∇µhλν . This represents a contribution to Vˆh¯h¯. However, this is assumed in
9
the rest of the calculation to be symmetrised; and the symmetrisation generates the extra
terms in Uˆh¯h¯.
In the case of the choice Eq. (2.19), we have in Eq. (2.16)
pˆ
αβ
1 = qˆ
Tαβ
1 = Pˆ
αβ
1 =iξφ
√
2µ
(
0 0
−δµν,αβ 3
4
√
−βg
αβ
)
, (A.4a)
qˆα2 = −pˆTα2 = Qˆα2 =i
√
2µ
(
0 (1− ξ)gαν∇µφ
0 1
4
√
−β (3ξ − 1)∇αφ
)
, (A.4b)
pˆ3 = Pˆ3 =i
√
2µ

 0 0−∇µ∇νφ+ ξRµνφ 1
4
√
−β (∇2φ− ξRφ)
+ 1
12
√
−βλφ
3

 , (A.4c)
qˆ3 = Qˆ3 =i
√
2µ
(
0 ξRρσφ
0 − 1
4
√
−β ξRφ+
1
12
√
−βλφ
3
)
, (A.4d)
(A.4e)
while in the case of the choice Eq. (2.17), (2.18), we have in Eq. (2.16)
pˆ
αβ
1 = Pˆαβ1 = 2Pˆ αβ1 =2iξφ
√
2µ
(
0 0
−δµν,αβ 3
4
√
−βg
αβ
)
, (A.5a)
qˆ
αβ
1 =pˆ
α
2 = 0, (A.5b)
qˆα2 = Qˆα2 =i
√
2µ
(
0 gαρ∇σφ
0 − 1
4
√
−β∇αφ
)
, (A.5c)
pˆ3 = Pˆ3 =i
√
2µ

 0 0ξRµνφ − 1
4
√
−β ξRφ
+ 1
12
√
−βλφ
3

 , (A.5d)
qˆ3 = Qˆ3 =Qˆ3. (A.5e)
Notice that Qˆα2 in Eq. (A.5c) is as Qˆα2 in Eq. (A.4b), but without the terms involving ξ;
and Pˆ3 in Eq. (A.5d) is the same as Pˆ3 in Eq. (A.4c), but without the terms with two φ
derivatives. Finally, Qˆ3 and Qˆ3 are exactly the same.
As explained before, the procedure is to substitute Eq. (2.25) into the various terms of
Eq. (2.26) and then use Eq. (2.27) to commute all factors of 1

to the right-hand side. We
are then able to apply the following “universal functional traces” tabulated in Ref. [5].
1ˆ

δ(x, y)|divy=x =
2i
16π2ǫ
√−g(1
6
R1ˆ),
∇µ1∇µ2 . . .∇µ2n−4
1ˆ
n
δ(x, y)|divy=x =−
2i
16π2ǫ
√−g 1ˆg
(n−2)
µ1µ2...µ2n−4
2n−2(n− 1)! , (A.6a)
∇µ∇ν 1ˆ
2
δ(x, y)|divy=x =−
2i
16π2ǫ
√−g [1
6
(Rµν − 12Rgµν)1ˆ + 12Rµν
]
, (A.6b)
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∇µ∇ν∇ρ∇σ 1ˆ
3
δ(x, y)|divy=x =−
2i
16π2ǫ
√−g 1
4
{
−2
3
R(νρσ)µ1ˆ + gµν
(
1
6
Rρσ 1ˆ +
1
2
Rρσ
)
+ gνσ
(
1
6
Rµρ1ˆ +
1
2
Rµρ
)
+ gρν
(
1
6
Rµσ1ˆ +
1
2
Rµσ
)
+ gσµ
(
1
6
Rνρ1ˆ +
1
2
Rνρ
)
+ gρµ
(
1
6
Rνσ1ˆ +
1
2
Rνσ
)
+ gρσ
(
1
6
Rµν 1ˆ +
1
2
Rµν
)− 1
12
Rg(2)µνρσ 1ˆ
}
, (A.6c)
where
g(n)µ1...µ2n =
(2n)!
2nn!
g(µ1µ2gµ3µ4 . . . gµ2n−1µ2n), (A.7)
and
(Rαβ)µνρσ = 2Rαβ(µρδν)σ. (A.8)
We give here the results which do not depend whether the choice Eqs. (2.17), (2.18),
or Eq. (2.19) is made for pˆαβ1 , qˆ
αβ
1 , pˆ
α
2 , qˆ
α
2 in Eq. (2.16). This of course includes cases where
the term in Eq. (2.26) does not contain these quantities; but we also note that whichever
choice is made, we have up to integration by parts
pˆ1 ≡Pˆ αβ1 ∇α∇β + one or zero derivative terms, (A.9a)
qˆ1 ≡Pˆ Tαβ1 ∇α∇β + one or zero derivative terms, (A.9b)
where Pˆ αβ1 is defined in Eq. (A.4b). The terms with fewer derivatives will be finite if there
are fewer than two derivatives altogether. The results are the following.
TrU |div = 2i
16π2ǫ
Tr(−Uˆ)
=
2i
16π2ǫ
{
−µ
(
9 +
1
4β
)
1
24
λφ4 + 3µξ 1
2
Rφ2
}
, (A.10a)
Tr V |div = 2i
16π2ǫ
Tr
(
1
12
RVˆ αα − 16RαβVˆ αβ
)
=
2i
16π2ǫ
µξ
(
3
4
+
1
16β
)
1
2
Rφ2, (A.10b)
−1
2
Tr V 2|div = 2i
16π2ǫ
Tr
(
1
24
VˆαβVˆ
αβ + 1
48
Vˆ ααVˆ
β
β
)
=
2i
16π2ǫ
{
µ2ξ2
(
63
4
− 9
8β
+
27
64β2
)
1
24
φ4
+ µξ
(
−7
2
ω − 2 + 3ω
32β2
)
1
2
Rφ2
}
, (A.10c)
Tr
(−1
2
D2 +D
) |div = 2i
16π2ǫ
(
3 1
24
λ2φ4 − (ξ − 1
6
)λ1
2
Rφ2
)
,
Tr V q1p1|div = 2i
16π2ǫ
Tr
(
− 1
192
Vˆ αβP
Tµν
1 P
ρσ
1 g
(3)
αβµνρσ
)
=
2i
16π2ǫ
{
µξ2
(
−3 + ω − 9ω
16β2
)
1
2
Rφ2
11
+ µ2ξ3
(
−3
8
+
9
16β
− 27
128β2
)
φ4
}
, (A.10d)
Tr q1Dp1|div = 2i
16π2ǫ
(
− 1
24
Pˆ
Tµν
1 DˆPˆ
ρσ
1 g
(2)
µνρσ
)
=
2i
16π2ǫ
{
µξ3
(
−3 + 9
4β
)
1
2
Rφ2
+ µξ2
(
18− 27
2β
)
1
24
λφ4
}
, (A.10e)
−1
2
Tr q1p1q1p1|div = 2i
16π2ǫ
Tr 1
3840
Pˆ
Tαβ
1 Pˆ
γδ
1 Pˆ
Tµν
1 Pˆ
ρσ
1 g
(4)
αβγδµνρσ
=
2i
16π2ǫ
µ2ξ4
(
9
8
− 27
16β
+
81
128β2
)
φ4, (A.10f)
For the terms involving p1 or q1, the divergences may be obtained by substituting Eq. (A.9)
and simply retaining the terms given explicitly on the right-hand side; and as mentioned
earlier, are the same whichever choice is made in Eq. (2.16).
The corresponding results in Ref. [7] contain several minor errors, mostly typographical.
We have inserted a 1
2
before the Rφ2 in Eqs. (A.10b), (A.10c); and changed β to β2 in the
third term of Eq. (A.10d).
The most complex evaluation is that of Tr(p1q1). This differs significantly depending
on the choice of Eq. (2.17) or Eq. (2.19). However both choices involve a basic nucleus
given by
T = −Tr
(
Pˆ
Tγδ
1 ∇γ∇δ
1

Pˆ
αβ
1 ∇α∇β
1
2
)
, (A.11)
where Pˆ αβ1 is given in Eqs. (A.5c) or Eq. (A.4b). We shall accordingly describe the treat-
ment of this common term in some detail here, before describing the differences in the two
approaches in the respective Appendices. Using
1

Pˆ
αβ
1 ∇α∇β = Pˆ αβ1 ∇α∇β
1

− 1

[, Pˆ αβ1 ∇α∇β]
1

(A.12)
where1
[, Pˆ αβ1 ∇α∇β]1ˆ =(Pˆ αβ1 )∇α∇β 1ˆ + 2(∇κPˆ αβ1 )∇κ∇α∇β 1ˆ
+ 2Pˆ αβ1 (Rα
κ∇β∇κ −Rακβλ∇κ∇λ − 2Rακ∇β∇κ)1ˆ + . . . (A.13)
and similarly
1

(∇κPˆ αβ1 )∇κ∇α∇β = (∇κPˆ αβ1 )∇κ∇α∇β
1

− 2 1

(∇κ∇λPˆ αβ1 )∇κ∇λ∇α∇β
1

+ . . . (A.14)
1Since 1

is a shorthand for the Green function G(x, x′), derivatives on opposite sides are de-
fined at different points. A more rigorous but lengthier treatment requires starting from ∇α∇β =∫
dvx′∇α′∇β′′G(x′, x)g(α′αgβ′)β , where gµν′ is the bivector giving parallel transport of vectors along
the geodesic from x′ to x. Using properties of gµν′ as given in Ref. [15], we have checked that the same
result is obtained.
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we find
T =− Tr
(
Pˆ
Tγδ
1
[
Pˆ
αβ
1 ∇γ∇δ∇α∇β
1ˆ
3
+ (∇γ∇δPˆ αβ1 )∇α∇β
1ˆ
3
+ 4(∇κ∇λPˆ αβ1 )∇κ∇λ∇α∇β∇γ∇δ
1ˆ
5
− 4(∇γ∇κPˆ αβ1 )∇δ∇κ∇α∇β
1ˆ
4
−Pˆ αβ1 ∇α∇β∇γ∇δ
1ˆ
4
+ 2Pˆ αβ1 (Rα
κ
β
λ∇κ∇λ − Rακ∇β∇κ + 2Rακ∇β∇κ)∇γ∇δ 1ˆ
4
])
, (A.15)
so that
T |div = 2i
16π2ǫ
Tr
{
Pˆ
Tγδ
1
(
1
8
∇γ∇δPˆ α1 α − 148gγδPˆ α1 α
− 1
24
Pˆ1γδ +
1
24
gγδ∇α∇βPˆ αβ1 − 16∇α∇γPˆ α1 δ
+ 1
24
RγδPˆ
α
1α +
1
24
gγδRαβPˆ
αβ
1 − 148gγδRPˆ α1 α
− 1
24
RPˆ1γδ − 16RαγβδPˆ αβ1 + 16RγαPˆ α1 δ
)}
+
2i
16π2ǫ
Tr
( 1
6ǫ
Pˆ
Tαγ
1 Pˆ
β
1 γRαβ +
1
6ǫ
(RαγβδPˆ
Tαβ
1 Pˆ
γδ
1 − Pˆ Tαγ1 Pˆ β1 γRαβ)
)
=
2i
16π2ǫ
µξ2
{
−3
2
gµν∂µφ∂νφ−
(
1
2
+
3
8β
)
1
2
Rφ2 + (2 + 2)1
2
Rφ2
}
. (A.16)
In Eqs. (A.13), (A.14), the ellipses indicated terms involving two Riemann tensors, deriva-
tives of Riemann tensors, or derivatives of P αβ1 together with Riemann tensors, which
do not contribute to divergences in our calculation. We have also used the symmetry of
P
αβ
1 in α, β. As emphasised before, we have included in Eq. (A.13) terms resulting from
commuting  with the derivatives ∇α,β; and in doing this we have used
[∇α,∇β]1ˆ = Rαβ 1ˆ. (A.17)
We have also included the contributions deriving from the terms involving R in Eq. (A.6c),
which were overlooked in Ref. [7]. In Eq. (A.16) we have explicitly displayed these extra
Rφ2 terms which we have identified.
B The original calculation corrected
In this Appendix we follow the approach of Ref. [7] in symmetrising pˆαβ1 , pˆ
αβ
1 , pˆ
α
2 , qˆ
α
2
according to Eq. (2.19), and hence taking these quantities as in Eq. (A.4). However we
correct the calculations of Ref. [7] by correctly distinguishing between left and right acting
derivatives in the definitions of pˆ1, qˆ1, pˆ2, qˆ2, as encapsulated in Eq. (2.16). Eq. (2.27) may
be rewritten as
1

X = X
1

− 1

[(X) + 2(∇αX)∇α] 1

(B.1)
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which may be used to derive the useful results
TrX [∇α 1

Y∇β∇γ 1
2
] =− 2i
16π2ǫ
1
12
Tr[X(2δβγ∇αY − δαβ∇γY − δαγ∇βY )], (B.2a)
TrX [∇α 1
2
Y∇β∇γ 1

] =− 2i
16π2ǫ
1
12
Tr[X(δβγ∇αY − 2δαβ∇γY − 2δαγ∇βY )]. (B.2b)
Using (B.2), we obtain
−Tr(p1q1) =− 14 Tr
[
(Pˆ αβ1 ∇α∇β +
←−∇α←−∇βPˆ αβ1 )
1
2
(Pˆ Tγδ1 ∇γ∇δ +
←−∇γ←−∇δPˆ Tγδ1 )
1

]
=T − 1
2
Tr
(
Pˆ
αβ
1 ∇α∇β
1
2
(∇γ∇δPˆ Tγδ1 )
1

+ (∇α∇βPˆ αβ1 )
1
2
Pˆ
Tγδ
1 ∇γ∇δ
1

+ 2∇βPˆ αβ1 ∇α
1
2
Pˆ
Tγδ
1 ∇γ∇δ
1

+ 2Pˆ αβ1 ∇α∇β
1
2
(∇δPˆ Tγδ)1 ∇γ
1

+ 2(∇βPˆ αβ1 )∇α
1
2
(∇δPˆ Tγδ)1 ∇γ
1

)
, (B.3a)
−Tr(p1q2 + p2q1) =− 14 Tr
[
(Pˆ γδ1 ∇γ∇δ +
←−∇γ←−∇δPˆ γδ1 )
1
2
(Qˆα2∇α −
←−∇αQˆα2 )
1

− (QˆTα2 ∇α −
←−∇αQˆTα2 )
1
2
(Pˆ Tγδ1 ∇γ∇δ +
←−∇γ←−∇δPˆ Tγδ1 )
1

]
=− Tr
[
Pˆ
γδ
1 ∇γ∇δ
1
2
Qˆα2∇α
1

− QˆTα2 ∇α
1
2
Pˆ
Tγδ
1 ∇γ∇δ
1

]
− 1
2
Tr
[
Pˆ
γδ
1 ∇γ∇δ
1
2
(∇αQˆα2 )
1

− (∇αQˆTα2 )
1
2
Pˆ
Tγδ
1 ∇γ∇δ
1

+ 2(∇δPˆ γδ1 )∇γ
1
2
Qˆα2∇α
1

− 2QˆTα2 ∇α
1
2
(∇δPˆ Tγδ1 )∇γ
1

]
, (B.3b)
so that using Eqs. (2.16), (2.19) we find
−Tr(p1q1)|div =T |div + 2i
16π2ǫ
Tr
{1
8
[Pˆ α1 α(∇γ∇δPˆ Tγδ1 ) + (∇α∇βPˆ αβ1 )Pˆ Tγ1 γ
+ 2(∇βPˆ αβ1 )(∇δPˆ Tδ1 α)] +
1
12
∇βPˆ αβ1 (∇αPˆ Tγ1 γ − 4∇γPˆ T1αγ)
+
1
6
∇δPˆ Tβδ1 (∇βPˆ α1 α −∇αPˆ αβ1 )
}
=T |div + 2i
16π2ǫ
1
4
Pˆ
Tρσ
1 ∇µ∇ρPˆ µ1 σ
=
2i
16π2ǫ
µξ2
{
−3
2
gµν∂µφ∂νφ−
(
1
2
+
3
8β
)
1
2
Rφ2
+
(
9
4
− 9
16β
)
1
2
gµν∂µφ∂νφ+ (6− 2)12Rφ2
}
, (B.4a)
−Tr(p1q2 + p2q1)|div = 2i
16π2ǫ
Tr
[
1
6
(∇αPˆ β1 βQˆα2 −∇βPˆ αβ1 Qˆ2α)
− 1
12
(QˆTα2 ∇αPˆ Tβ1 β − 4QˆT2α∇βPˆ Tαβ1 )
]
14
+
2i
16π2ǫ
1
8
Tr
[
P
γ
1 γ∇αQα2 −∇αQTα2 P Tγ1 γ
+ 2∇γP γ1 αQα2 − 2QTα2 ∇γP Tγ1 α
]
=
2i
16π2ǫ
{
3µξ
(
1− ξ
2
+
3ξ − 1
8β
)
1
2
gµν∂µφ∂νφ
}
, (B.4b)
−Tr(p2q2)|div = 2i
16π2ǫ
Tr
(
−1
4
QˆTα2 Qˆ2α
)
=
2i
16π2ǫ
µ
{
9
4
(ξ − 1)2 − 1
16β
(3ξ − 1)2
}
1
2
gµν∂µφ∂νφ, (B.4c)
−Tr(q3p1 + q1p3)|div = 2i
16π2ǫ
Tr 1
4
(
Qˆ3Pˆ
α
1 α + Pˆ
Tα
1 αPˆ3
)
=
2i
16π2ǫ
µ
{
− 3ξ
4β
1
2
gµν∂µφ∂νφ− 3ξ
2
2β
1
2
Rφ2 +
6ξ
β
1
24
λφ4
}
, (B.4d)
where we have used Eq. (A.6c) throughout, and Eq. (B.2) in the derivation of Eqs. (B.4a)
and (B.4b). We have corrected the numerical factor from Ref. [7] in the last term of
Eq. (B.4d). In Eq. (B.4a) we have explicitly displayed the extra Rφ2 terms which we
identified in Eq. (A.16).
The effect of our changes on the gµν∂µφ∂νφ terms has been as follows. The terms of
this form in Tr(p2q2), Tr(q2p1+ q1p2) and Tr(q3p1+ q1p3) are unchanged from Ref. [7]; and
the extra ξ2 term in Tr(p1q1) is such as to cancel the entire original ξ
2 term from Ref. [7].
In sum, the ξ2 terms have cancelled, leaving the ξ and ξ-independent terms unchanged.
C The streamlined calculation
In this section we apply the choice Eq. (2.17) in Eq. (2.16) and consequently use Eq. (A.5).
We have, after again using Eq. (B.2),
−Tr p1q1 =− Tr
[
Pˆ
αβ
1 ∇α∇β
1
2
←−∇γ←−∇δPˆ Tγδ1
1

]
=− T − Tr
(
Pˆ
αβ
1 ∇α∇β
1
2
[∇γ∇δPˆ Tγδ1 ]
1

+ 2Pˆ αβ1 ∇α∇β
1
2
[∇γPˆ Tγδ1 ]∇δ
1

)
, (C.1a)
−Tr(p1q2 + p2q1) =− Tr
[
Pˆ
γδ
1 ∇γ∇δ
1
2
Qˆα2∇α
1

+
←−∇αQˆTα2
1
2
←−∇γ←−∇δPˆ Tγδ1
1

]
=− 2Tr
[
Pˆ
γδ
1 ∇γ∇δ
1
2
Qˆα2∇α
1

]
, (C.1b)
so that
−Tr(p1q1)|div =− T |div + 2i
16π2ǫ
Tr
( 1
4ǫ
Pˆ α1 α∇γ∇δPˆ Tγδ1 +
1
3ǫ
∇γPˆ Tγα1 [∇αPˆ β1 β −∇βPˆ1αβ ]
)
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=− T |div + 2i
16π2ǫ
Tr
(
− 1
12ǫ
Pˆ α1 α∇γ∇δPˆ Tγδ1 +
1
3ǫ
∇β∇γPˆ Tγα1 Pˆ1αβ
)
=
2i
16π2ǫ
µξ2
{
−3
2
gµν∂µφ∂νφ−
(
1
2
+
3
8β
)
1
2
Rφ2
+ 3
2
gµν∂µφ∂νφ+ 4.
1
2
Rφ2
}
,
=
2i
16π2ǫ
µξ2
(
7
2
− 3
8β
)
1
2
Rφ2, (C.2a)
−Tr(p1q2 + p2q1)|div = 2i
16π2ǫ
1
3
Tr
(
∇αPˆ β1 βQˆα2 −∇βPˆ1αβQˆα2
)
=− 2i
16π2ǫ
µξ
(
3 +
3
4β
)
1
2
gµν∂µφ∂νφ (C.2b)
−Tr(p2q2)|div = 2i
16π2ǫ
Tr
(
−1
4
QˆT2αQˆα2
)
=
2i
16π2ǫ
µ
{
9
4
− 1
16β
}
1
2
gµν∂µφ∂νφ, (C.2c)
−Tr(q3p1 + q1p3)|div = 2i
16π2ǫ
Tr 1
4
(
Qˆ3Pˆ
α
1 α + Pˆ
Tα
1 αPˆ3
)
=
2i
16π2ǫ
µ
{
−3ξ
2
2β
1
2
Rφ2 +
6ξ
β
1
24
λφ4
}
, (C.2d)
where once again we have used Eqs. (A.6c) throughout, and Eq. (B.2) in the derivation of
the 1st and 2nd results. Again, in Eq. (C.2a) we have explicitly displayed the extra Rφ2
terms which we identified in Eq. (A.16).
The effect of our changes on the gµν∂µφ∂νφ terms has been as follows. There are now
no contributions from Tr(p1q1). The terms proportional to ξ
2 and ξ have disappeared
from Tr(p2q2) and Tr(q3p1+ q1p3), leaving the ξ-independent term (which comes only from
Tr(p2q2)) unchanged from Ref. [7]; and Tr(q2p1 + q1p2) yields only a term proportional to
ξ, which alone is now equal to the entire original term proportional to ξ in Ref. [7]. In
sum, the terms proportional to ξ2 have cancelled, leaving the term proportional to ξ and
the ξ-independent term unchanged from Ref. [7]; as was found in Appendix B.
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